Abstract: Distributed-feedback waveguide lasers based on Bragg-grating resonators generate ultranarrow-linewidth emission. Oscillation at the center of the reflection band ensures maximum reflectivity, hence minimum linewidth. The required π/2 phase shift is often introduced by a distributed change in effective refractive index, e.g., by widening the waveguide. Despite careful design and fabrication, the experimentally observed resonance wavelength deviates from the designed wavelength. Even when thermally induced chirp or fabrication errors are negligible, this deviation is still present. Here, we show theoretically and experimentally that this deviation is of fundamental nature. The decay of light intensity during propagation from the phase-shift center into both sides of the Bragg grating due to reflection by the periodic grating and the refractive index change causes an incomplete accumulation of designed phase shift, thereby systematically shifting the resonance to a shorter wavelength. Considering the overlap integral between the distributed phase shift and light intensity in the design provides the desired performance.
Introduction
Distributed-feedback (DFB) lasers [1] - [10] utilize Fabry-Pérot-type resonators [11] with longitudinally distributed mirror reflection. These lasers exploit the high spectral selectivity of periodic Bragg gratings to generate ultranarrow-linewidth emission for various applications, particularly at the important telecom wavelengths near 1.5 μm [12] . An additional phase shift δφ design of π/2 (equivalent to an additional optical path length of λ B /4) is required to design a resonance wavelength λ design that is located at the Bragg wavelength λ B of the grating. This phase shift can be achieved by extending one grating period by the required length. In the spatially symmetric case, the extension is introduced in the central grating period. This situation leads to equal Bragg-grating reflectivity in both propagation directions, thereby generating equal output power from both waveguide ends. Therefore, the phase shift is usually placed closer to one resonator end, leading to largely single-sided output power [13] .
A common fabrication method that produces very homogeneous gratings inscribes a laser interference pattern either directly into a photosensitive guiding region [2] or into a photoresist followed by transfer of the obtained periodic pattern to the guiding region or a cladding, e.g., by an etch process [6] , [7] , [14] . Since laser interference does not allow one to produce a discrete phase shift, a distributed phase shift can instead be created, e.g., by a widening of the guiding region, which increases the effective refractive index by the desired amount [7] , [15] - [17] .
Often the experimentally observed resonance wavelength of a distributed-phase-shift DFB resonator deviates from the designed wavelength. This is a costly problem, requiring re-iteration in the fabrication, being eventually solved via trial-and-error. This wavelength deviation can have several different reasons. Firstly, fabrication inaccuracies, such as thickness or refractive-index variations of the guiding layer, a deviation from the designed waveguide widening, or variations of the Bragggrating period or its refractive-index modulation depth, lead to a performance that can differ in various ways from the calculated one, including a potential shift of resonance wavelength. Secondly, uniform thermal heating of the device leads to a material expansion and a refractive-index change, thereby shifting the resonance wavelength. In semiconductor materials, the refractive-index change with temperature is particularly large. However, since the Bragg-grating reflection changes accordingly, the position of resonance within the reflection band and, hence, the grating reflectivity at the resonance wavelength, does not necessarily change [18] . Thirdly, a chirp of the Bragg grating causes a strong deviation of the resonance wavelength from the designed wavelength [18] . Such a chirp is introduced either unintentionally by optically pumping a DFB laser only from one waveguide end, thereby thermally inducing the chirp, as in high-power fiber-Bragg-grating lasers, where the temperature increase is often significant [19] , or deliberately, based on the theory of Bragg gratings [20] . In this case, a distributed phase shift is carefully designed to avoid spatial hole burning when the DFB laser operates at high powers. Hillmer et al. [21] introduced a chirp in the grating period with a designed phase shift amounting to π/2 distributed over different lengths, and empirically showed that the longer this length, the more the resonance is shifted towards shorter wavelengths.
Here we investigate theoretically and experimentally a different effect which shifts the resonance wavelength in distributed-phase-shift DFB resonators. This effect is of fundamental nature and can be of significant magnitude. Independent of the material, it occurs in all distributed-phase-shift DFB resonators, but has, to best of our knowledge, as yet not been reported in the literature. Our present investigation concerns undoped, non-lasing, dielectric rib-waveguide DFB resonators, where the Fig. 1 . Spectral response of a DFB resonator with a discrete phase shift at the grating center, calculated for κ = 650 m −1 and a resonator length of 10 mm. (a) When the designed phase shift δφ design is π/2, the resonance is located at the center of the reflection band, λ design = λ B . When the phase shift is smaller or larger than π/2, the resonance is shifted by δλ design to shorter or longer wavelength, respectively, within the reflection band. (b) Deviation δλ design of the resonance wavelength λ design from λ B as a function of designed discrete phase shift δφ design for different κ and a resonator length of 10 mm. Lines: reflection bandwidth (full-width-at-half-maximum value). The simulations were carried out using the characteristic-matrix approach [18] , [24] .
light intensity extends over a length comparable to the distributed-phase-shift region. Due to the distributed reflection, the intensity of light propagating from the phase-shift center in both directions into the grating decreases, depending on the grating coupling coefficient and the effective-refractiveindex increase in the phase-shift region. It can be characterized by the penetration depth, which for a discrete phase shift is given in [22] , [23] . Consequently, the oscillating light does not experience the full designed phase shift, thus leading to a negative wavelength shift of the resonance peak with respect to the design. For an appropriate design of a DFB resonator utilizing a distributed phase shift, this effect must be taken into account. We investigate this effect in a situation where it is the key effect responsible for the wavelength shift, not being overshadowed by other effects.
Theoretical Considerations

Causality Between Additional Phase Shift and Resonance Wavelength
The additional phase shift can be designed to assume a desired value δφ design . When δφ design amounts to π/2, the resonance wavelength λ design is located at the center of the reflection band induced by the grating, where it benefits from its highest reflectivity. A designed phase shift δφ design that amounts to a value different than π/2 places the resonance wavelength λ design at a different spectral location, as illustrated in Fig. 1(a) . Both, the reflection bandwidth and the wavelength difference
increase with the grating coupling coefficient κ. The resonance reaches one reflection edge and the next resonance appears at the other reflection edge when δφ design is an integer multiple of π, see Fig. 1(b) . The results displayed in Fig. 1 are well known and are used in this paper as the reference situation.
Distributed Phase Shift
Along the waveguide direction z, the distributed-phase-shift region is centered at position z p s and extends over a length p s between z = z p s ± p s /2. Within this region, the waveguide is first widened from its normal width w to its maximum width at z p s and then narrowed back to w , with a profile δw p s (z), see Fig. 2 . The effective refractive index of the waveguide mode increases, with respect to the effective refractive index n outside the phase-shift region, with the same profile δn p s (z). The total additional phase shift accumulated by light propagating through the entire phase-shift region with constant intensity would then be given by
where δn design is the mean effective-refractive-index change within the phase-shift region. Here we use λ B as an average wavelength, because the difference between any two wavelengths within the spectrally narrow reflection band is small and its influence on δφ design is negligible. Equation (2) is usually considered the appropriate criterion for designing the phase-shift region [25] . By use of the idea proposed in [15] , our waveguide widening is designed to follow a sin 2 function,
hence also the effective refractive index increases with the profile
Insertion of Eq. (4) into Eq. (2) and integration yields
Equivalently to the situation of a discrete phase shift in Fig. 1 , for the designed resonance wavelength λ design to coincide with the Bragg wavelength λ B , equivalent to δλ design = 0, the maximum refractive-index increase δn p s (z p s ) and length p s of the phase-shift region in Eq. 5 are then chosen such that δφ design = π/2. For achieving another λ design , δn p s (z p s ) p s is chosen accordingly.
However, due to a deviation φ res of the actual distributed phase shift δφ res from the designed value of δφ design , the actually obtained resonance wavelength λ res is typically shorter than λ design by
resulting in a total wavelength shift from the Bragg wavelength of δλ design + λ res . This additional deviation λ res in a distributed-phase-shift DBF resonator is due neither to fabrication errors nor to thermal effects, but due to an incomplete accumulation of phase shift by the light intensity I (z) that varies with position z. Consequently, δφ res is smaller than δφ design and amounts to
This is the correct expression for determining the accumulated phase shift and, thus, the position of resonance wavelength within the reflection band. The intensity distribution I (z) can be simulated. For a discrete phase shift, see Fig. 1 , one has φ res = 0 and λ res = 0.
For the sake of clarity of notation, all changes of (i) resonance wavelength, δλ design , (ii) waveguide width, δw p s (z), (iii) effective refractive index, δn p s (z), (iv) average effective refractive index, δn design , and (v) total phase shift, δφ design or δφ res , from the values without distributed phase shift, i.e., λ B , w , n, and φ, have been denoted consistently by the δ symbol, whereas the additional changes compared to the designed values, which arise from the effect we describe in this paper, have been denoted by the symbol.
Numerical Calculations
Since the early 1970s numerical calculations of DFB resonators have been based on the coupledmode theory [26] , [27] . With increasing computing power, the characteristic-matrix approach [24] has become an attractive alternative, which we exploit for our numerical calculations. More details can be found in [18] .
The distribution of effective-refractive-index profile δn p s (z) of Eq. (4), the simulated normalized light intensity I (z)/I max , and the overlap product δn p s (z)I (z)/I max from Eq. (8) along the resonator axis are displayed in Fig. 3 . Two effects lead to an incomplete accumulation of designed phase shift. Firstly, when comparing Figs. 3(a) and 3(b) or Figs. 3(c) and 3(d) , with increasing grating coupling coefficient κ the light intensity is more confined to the region near the phase-shift center. With tighter confinement, the light intensity accumulates less of the designed phase shift, hence the value of δφ res of Eq. (8) decreases compared to the value of δφ design of Eq. (2), see Fig. 4(a) . Consequently, in the case of a distributed phase shift, the resonance exhibits a negative wavelength shift λ res compared to the designed wavelength shift, δλ design , see Fig. 4(b) .
Secondly, when comparing Figs. 3(a) and 3(c) or Figs. 3(b) and 3(d), with increasing δφ design the light intensity is more confined to the region near the phase-shift center. Besides the periodic variation of effective refractive index within each grating period, resulting in periodic reflections, the phase-shift region induces a slow increase in effective refractive index from grating period to grating period between the two phase-shift ends and its center, leading to an additional, distributed reflection and, thus, tighter light confinement. In other words, light propagating from the phase-shift center in both directions into the grating is more strongly reflected for larger values of δφ design . For increasing δφ design , obtained by increasing δw p s (z p s ) and δn p s (z p s ), this additional light confinement increases, hence the fraction δφ res /δφ design of accumulated versus designed phase shift decreases, see Fig. 4(a) , resulting in larger deviations φ res and λ res , see Fig. 4(b) .
Experimental Results and Discussion
We investigated experimentally amorphous Al 2 O 3 rib waveguides with a material refractive index of 1.645, which were deposited by RF reactive sputtering from a metallic Al target onto a thermally oxidized silicon wafer [28] and subsequently micro-structured by chlorine-based reactive ion etching [29] , with a SiO 2 top cladding of 670 nm thickness added. The rib waveguides have a length of = 1 cm and 2.5 × 1.0 μm 2 lateral cross section, designed to support only fundamental-transversemode propagation, see Fig. 2 .
A corrugated homogeneous Bragg grating, where κ = 650 m −1 is the designed grating coupling coefficient per unit length [14] , was inscribed into the SiO 2 top cladding by laser interference lithography and subsequent reactive ion etching [7] , [14] . The phase-shift region is centered at the position z p s = 6 mm. The effective-refractive-index increase δn p s (z) is achieved by a tapering of each waveguide structure, in which the waveguide width first increases and then decreases gradually according to the sin 2 function of Eq. The transmission spectra of these four waveguides are displayed in Fig. 5 . They were recorded by coupling linearly TE-polarized light from a tunable laser source with a wavelength range of 1456-1640 nm and 1 pm resolution into the waveguide end further away from the phase-shift region via a polarization-maintaining fiber. Light transmitted through the waveguide was collected by a fiber with ultra-high numerical aperture (N.A. = 0.35) and sent to a power meter. Index-matching fluid was used to eliminate Fresnel reflections at the fiber-chip interfaces.
Solely based on the designed phase shifts δφ design , one would expect the four waveguides to exhibit a resonance at the wavelength differences from λ B displayed as circles in Fig. 6 . In contrast, the resonances observed experimentally in the transmission spectra of Fig. 5 are systematically shifted to shorter wavelengths, displayed as squares in Fig. 6 . Compared to the resonance wavelengths (triangles) calculated from the overlap integral of Eq. (8) for different δw p s (z p s ) and κ, the experimental data show excellent agreement for the nominal κ of 650 m −1 , when δφ design is small, thereby indicating that the incomplete accumulation of designed phase shift δφ design strongly contributes to the observed wavelength deviation. Nevertheless, the deviation of experimental data from the calculated data for κ = 650 m −1 at larger δφ design indicates that also fabrication errors seem to play a role. Such fabrication errors vary drastically with the choice of materials, waveguide and grating geometry, fabrication methods, and fabrication tools. It is, therefore, not possible to provide general guidelines as to when the fundamental effect explored in this paper dominates over fabrication errors.
Conclusion
We have shown theoretically and experimentally the fundamental nature of the wavelength deviation encountered in distributed-phase-shift DFB resonators. When the light intensity extends over a length comparable to the distributed-phase-shift region, the wavelength deviation is largely the result of an incomplete accumulation of the designed distributed phase shift by the light intensity that decays into the Bragg grating on both sides of the phase-shift center. Accounting for this effect allows one to better position the resonance wavelength, e.g., at the Bragg wavelength, where the reflectivity is highest, providing the narrowest laser linewidth. Since the distributed phase shift has direct consequences for the light distribution in the resonator, this effect has to be carefully considered when designing laser sensors which rely on the interaction of the intra-cavity laser light with the environment or with particles [31] , or when designing devices that are supposed to circumvent spatial-hole-burning effects.
